S = X + X ′ + X ′′ + X ′′′ + etc. §3. Let S ′ denote the sum of this series with the first term truncated, that is, so that S ′ = X ′ + X ′′ + X ′′′ + etc. Since S is a certain function of x, which indeed we are investigating here principally, S ′ will likewise be a function of x + 1. It is thus evident that S − S ′ = X. Now, since S ′ = S + ∂S + 1 2 ∂∂S + etc., where I have chosen for brevity to suppress the denominators containing powers of the element ∂x, it is seen at once that our series will assume this form: 0 = X + ∂S + 1 2 ∂∂S + 1 6 ∂ 3 S + 1 24 ∂ 4 S + etc. §4. Therefore if that series converges strongly, then it will approximately be ∂S = −X, and so S = − X∂x; but this integral should be determined by a constant that vanishes when x is taken infinitely large, since the infinitesimal terms can be considered as nothing, as the latter series has no finite value. Having considered the sum approximately, for the true sum we set
and then it will be
But if the values arising here are substituted for each of the differentials of S, the following equation will be obtained:
and now the unknown coefficients α, β, γ, etc. can be defined by the following equalities:
from which we shall have α = − 1 2 ; β = 1 12 ; γ = 0; etc. §5. However, this way of evaluating the letters α, β, γ, etc. takes a fair bit of work, and also, there is not an obvious rule for proceeding further; thus I will now inquire into the values of these letters in a straightforward way. Namely I will consider a series formed with the same coefficients as the preceding. Let V = 1 + αz + βz 2 + γz 3 + δz 4 + etc. Indeed it is evident that should the sum of this series V be brought to a finite form and each of the powers of z expanded, the same series will necessarily hold. Then having worked this out, the values of the letters α, β, γ, δ, etc. will freely reveal themselves. §6. Therefore from the relations which exist between the letters α, β, γ, δ, etc., which were written out above in §4, we get the following: Of course here all the terms, aside from the first, cancel each other out; it will therefore be
it will be
V (e z −1) z = 1, and thus V = z e z −1 ; to make it easier to convert this expression again into a series, let us put z = 2t, so that it would be V = 2t e 2t −1 , and therefore
e 2t −1 . Now setting
e 2t −1 = u it follows that V = tu − t. Therefore since u = e t −e −t e t −e −t , by expanding the exponentials it will be u = 1 + , where in the numerator only even powers, and indeed in the denominator only odd powers, appear. Moreover, it is apparent that by making t small enough it will make u = 1 t , and indeed it also follows for the terms to progress as the powers t, t 3 , t 5 , etc. §8. Therefore since we have put u = e 2t +1 e 2t −1 , it will be e 2t = u+1 u−1 , and then 2t = l u+1 u−1 . Therefore by differentiating here it will be ∂t = − ∂u uu−1 , from which it is concluded ∂u ∂t + uu − 1 = 0. Moreover, because we know that the first term of the series by which u is expressed is 1 t and that the exponents of the successive powers increase by two, it may be set:
and the substitution happens in the following way:
where the first terms cancel each other out, and then indeed the remaining obtain the following determinations:
etc. §9. Therefore these letters A, B, C, D, etc. are entirely the same as those which I previously used for expressing the sums of the reciprocals of powers, which were accordingly found to be: and I have already worked out these values all the way to the thirty fourth by very painstaking calculation. §10. Since we have supposed that
and because V = tu − t, it will be
Here there is not much else for us to do, except that as t is written in place of 1 2 z, it follows that
On the other hand since we have
by collecting terms together we will find that α = 
can be expressed in the following way:
where the integral X∂x should be taken such that it vanishes by putting x = ∞; it is then clear that if the constant that is to be added has to be infinite, then likewise the sum of this series will be infinite. §12. Let us consider the example in which X = 1 x n , so that the sum of this series will be sought:
Here it will therefore be X∂x = − 1 (n−1)x n−1 . For this form to vanish by putting x = ∞ it is necessary that the exponent n be greater than unity; for otherwise, were it n = 1 or n < 1, the sum of the series would certainly be infinitely large. Now, it will indeed be ∂X = − n x n+1 , and then
; ∂ 5 X = − n···(n+4) x n+5 ; etc., and by substituting in these values, the sum that is being sought out will be:
This series converges more strongly the larger the number that is taken for x, and this is in addition to the fact that the letters A, B, C, etc. themselves constitute a rapidly convergent progression. §13. Therefore if the terms starting at unity are gathered together 1 + 1 2 n + 1 3 n + 1 4 n + . . . + 1 (x−1) n , and their sum is called ∆, the sum of the same series continued to infinity will be ∆ + S. It was in this way that I had formerly computed the sums of such infinite series for the exponent n with each of the values 2, 3, 4, 5, etc. to many decimal places, by taking namely x = 10. With this done, the calculation could be carried out fairly easily.
Case 2. Summation of the infinite series
Thus if the index x is increased by unity, we will have
This equation is added to the preceding one, and the finite equation S + S ′ = X is obtained. From this we will have, by differential formulae,
where if the differentials are neglected, it will be S = 1 2 X, which will therefore be the first term of the series we are searching for. We therefore set S = 1 2 X + α∂X + β∂∂X + γ∂ 3 X + etc.
and having done the substitution it becomes:
+α +β +γ +etc. Here like before the letters take these determinations:
; β = 0; γ = 1 4 ; δ = 0; etc. §16. To help us investigate these values, we shall consider the series:
where now the sum V needs to be searched for. We then derive the following series: C; θ = 0; etc. Consequently, the sum that is being sought out will be:
C∂ 7 X − etc. §20. Let us now compare these coefficients to those in the preceding case, which we had obtained by similar differentials. They were E 512 = 1023 = 2 10 − 1, etc. etc. §21. Thus also in this case, the sum that is being sought out can be conveniently expressed by the very same well known numbers A, B, C, D, etc. in the following way:
and this series can be continued as far as we like.
